
AP Calculus Winter Extra Credit

Directions: All problems should be done without a calculator. Please write your solutions in full detail on

a separate piece of paper. Typed solutions will not be accepted. You are encouraged to work together, but your

solutions must be your own. Partial credit can be awarded. Complete as many problems as you can.

1. Let f(x) =
ax + b

cx + d
for some real numbers a, b, c, d with ad 6= bc.

(a) Find the domain and range of f .

(b) Find the inverse of f if it exists.

(c) Why is the condition that ad 6= bc important? What happens if ad = bc?

2. A nonzero polynomial f(x) with real coefficients has the property that f(x) = f ′(x)f ′′(x). What is the leading

coefficent of f(x)? [Hint: Suppose the leading term of f(x) is cxn for some constant c and some positive integer

n. What are the leading terms of f ′(x) and f ′′(x)? This problem will likely devolve into a fun alphabet soup!]

3. Let f(x) = 1 + x + x2 + · · ·+ x100. Find f ′(1).

4. Let f(x) = x3 + ax + b, with a 6= b, and suppose that the tangent lines to the graph of f at x = a and x = b are

parallel. Find f(1).

5. Recall that a function f is even if f(−x) = f(x) and is odd if f(−x) = −f(x). Prove that if f is odd, then f ′ is

even, and that if f is even, then f ′ is odd.

6. Suppose the function f(x)− f(2x) has derivative 5 at x = 1 and derivative 7 at x = 2. Find the derivative of

f(x)− f(4x) at x = 1.

7. A polynomial function f(x) has a root r with multiplicity m if

f(x) = (x− r)mh(x)

for some polynomial h(x) with h(r) 6= 0.

(a) Prove that if f has root r with multiplicity m, then f ′ has root r with multiplicity m− 1.

(b) Prove that f (k)(r) = 0 for all 1 ≤ k < m. [Recall that f (k)(x) is the kth derivative of f ].

8. The LightSpeed highway is governed by a speed limit function L(x), where x is the distance from the start of the

road in kilometers and L(x) would be a speed given in kilometers per hour. So the speed limit changes as you

travel down the road! Spaceship A and B start at kilometer 0. And at time t hours, they are at positions a(t)

and b(t), respectively. To be clear a(0) = b(0) = 0.

(a) Write an inequality that states the fact that ship A is always going as fast or faster than ship B.

(b) Write an equation that states the fact that car B is always going exactly at the speed limit.

(c) Write (in words) what the quation a(t + 1) = b(t) means (for all t ≥ 0).

(d) Write (in words) what the quation a′(t) = L(a(t− 1)) means (for all t ≥ 1).

9. The Racetrack Theorem states: if f and g are differentiable functions with f(a) = g(a) for some a and

f ′(x) > g′(x) > 0 for all x ≥ a, then f(x) > g(x) for all x > a. Explain what this means about the graphs of f

and g. Then prove the theorem.

10. What is the relationship between the critical points of f and the critical points of f2?



11. Determine the real number a having the property that f(a) = a is a relative minimum of

f(x) = x4 − x3 − x2 + ax + 1.

12. (a) Sam wishes to cross a circular lake with diameter 1 km. He can row across the water at a rate of 4 km/hour,

or he can walk along the shore (carrying the rowboat) at a rate of 6 km/hour. What is the minimum amount

of time necessary to cross the lake?

(b) Now Sam wishes to cross a river of width 1 km, and reach a point on the opposite bank that is 1 km

downstream. Again he can row across the water at a rate of 4 km/hour (ignore the effect of the river’s

current), or he can walk along the shore (carrying the rowboat) at a rate of 6 km/hour. What is the minimum

amount of time necessary to reach his destination?

13. The Rule of 72 states that if an amount of money is invested at r% interest per year, then it will take approximately

72/r years for the money to double. Use linear approximation to explain why this rule is a good approximation

for small values of r.

14. A space garbage truck can remove space garbage at a constant rate (in ft3/min). The day of a space parade,

there was no garbage on the ground at sunrise. But when the parade began, garbage began accumulating at a

steady rate. At noon, the garbage truck began to remove trash. It had cleared 2 miles of garbage between noon

and 1 PM, and 1 more mile of garbage between 1 PM and 2 PM. At what time did the parade start?
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